Abstract. Let F m = (M, F ) be a Finsler manifold and G be the SasakiFinsler metric on the slit tangent bundle T M 0 = T M {0} of M . We express the scalar curvature ρ of the Riemannian manifold (T M 0 , G) in terms of some geometrical objects of the Finsler manifold F m . Then, we find necessary and sufficient conditions for ρ to be a positively homogenenous function of degree zero with respect to the fiber coordinates of T M 0 . Finally, we obtain characterizations of Landsberg manifolds, Berwald manifolds and Riemannian manifolds whose ρ satisfies the above condition.
Introduction
The geometry of the tangent bundle T M of a Riemannian manifold (M, g) goes back to Sasaki [10] , who constructed on T M a Riemannian metric G which in our days is called the Sasaki metric. Then, several papers on the interrelations between the geometries of (M, g) and (T M, G) have been published (see Gudmundsson and Kappos [6] for results and references). The extension of the study from Riemannian manifolds to Finsler manifolds is not an easy task. This is because a Finsler manifold F m = (M, F ) does not admit a canonical linear connection on M , that plays the role of the Levi-Civita connection on a Riemannian manifold. Recently, the first author (cf. [3] ) has initiated a study of the interrelations between the geometries of both the tangent bundle and indicatrix bundle of a Finsler manifold on one side, and the geometry of the manifold itself, on the other side. The main tool in the study was the Vrănceanu connection induced by the Levi-Civita connection on (T M 0 , G), where G is the Sasaki-Finsler metric on T M 0 . We study the geometry of a Finsler manifold F m = (M, F ) under the assumption that the scalar curvature ρ of (T M 0 , G) is a positively homogeneous function of degree zero with respect to the fiber coordinates (y i ) of T M 0 . In the first part we present some geometric objects from the geometries of F m and (T M 0 , G) and following [3] we give some structure equations which relate the curvature tensor fields of the Levi-Civita connection and the Vrănceanu connection on (T M 0 , G). In the second part we express ρ in terms of some geometric objects of the Finsler manifold F m (cf. Theorem 2.1) and obtain necessary and sufficient conditions for ρ to be positively homogeneous of degree zero with respect to (y i ) (cf. Theorem 2.2). In particular, we prove that such an F m is locally Minkowskian, provided M is a compact connected boundaryless manifold (cf. Corollary 2.1). Finally, we show that if F m is a Berwald manifold (cf. Corollary 2.4) or a Riemannian manifold (cf. Corollary 2.5) and ρ satisfies the above condition, then F m must be locally Minkowskian or locally Euclidean, respectively. In case of a Riemannian manifold, our result improves a well known result of Musso-Tricerri [9] . 
Preliminaries
Now, we define some geometric objects of Finsler type on T M 0 . First, we express the Lie brackets of the above vector fields as follows:
where we put and B i k j we define the following adapted tensor fields:
For each of the above tensor fields R, C and B we define a twin (denoted by the same symbol) as follows:
G(B(hX, vY ), vZ) = G(B(vY, vZ), hX).
Locally, we have the following formulas:
Now, let ∇ be the Levi-Civita connection on (T M 0 , G) and ∇ be the Vrănceanu connection induced by ∇ given by (cf. Ianuş [7] )
It is important to note that the Vrănceanu connection is locally given by the local coefficients of the classical Finsler connections as follows:
Moreover, the curvature tensor field R of the Levi-Civita connection ∇ is completely determined by the curvature tensor field R of the Vrănceanu connection on (T M 0 , G) and the adapted tensor fields R, C and B (cf. Bejancu [3] ). We recall here only the following relations:
where A (hX,hY ) means that in the expression that follows this symbol we interchange hX and hY , and then subtract, as in the following formula
In a similar way, we use the symbol A (vX,vY ) . Finally, we present some local components of the curvature tensor field of the Vrănceanu connection on (T M 0 , G):
where we set
We note that (1.16a) and (1.16b) give the local components of the hh-curvature and vv-curvature tensor fields of the Chern-Rund connection and Cartan connection, respectively. 
Scalar curvature of (T
Now we denote by ρ the scalar curvature of the Riemannian manifold (T M 0 , G). As {H a , V a }, a ∈ {1, . . . , m}, is a local orthonormal frame field on T M 0 with respect to G, we have
where we put
In what follows we will express the above three functions α, β, γ in terms of the local components of some important Finsler tensor fields.
First, by using (1.5) and (1.6) and taking into account that R and C are skew-symmetric and symmetric adapted tensor fields respectively, we obtain
where the norm · is taken with respect to G. Then, by direct calculations using (2.4a), (1.12) and (2.5), we deduce that
Next, by using (1.5), (1.6) and (1.7), we obtain
Then, taking into account (2.4b), (1.13) and (2.7), we infer that
Now, as a consequence of (1.7), we obtain
Then, by using (2.4c), (1.14) and (2.9), we deduce that
Also, by using (2.1), (2.2), (1.8), (1.9) and (1.10), we obtain (2.11)
Finally, by using (2.3), (2.6), (2.8), (2.10) and (2.11), we deduce that
Next, we want to express the scalar curvature of (T M 0 , G) in terms of some geometric objects of 
Then, by using (2.1), (2.2) and (1.11), we obtain (2.14)
where the covariant derivatives on the right side are defined by the Vrănceanu connection as follows
Thus, by using (2.11), (2.13) and (2.14) into (2.12), we deduce that the scalar curvature of (T M 0 , G) is given by (2.16)
An interesting formula for S ijkh was given by Matsumoto [8, p. 114]:
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Then, by direct calculations, using (2.17) and (2.15b), we obtain
Taking into account of (2.18) into (2.16), we can state the following. 
jh ∂C h ∂y j · By the homogeneity properties of the functions on the right side of (2.24), we conclude that A, B and C are positively homogeneous functions of degrees 0, 1 and −2, respectively. Then, from (2.23) and (2.24), we deduce that ρ is positively homogeneous of degree 0 if and only if we have 
Thus, (2.25b) is equivalent to (2.22 ). This completes the proof of the theorem.
Next, we recall the following results on the geometry of F m . Proof. By Corollary 2.4 we have ρ = 0 and K ijkh = 0. As in this case K ijkh are the local components of the curvature tensor field of the Levi-Civita connection on (M, g), we conclude that (M, g) is locally Euclidean.
Finally, we note that Corollary 2.5 improves some well-known results of MussoTricerri [9] and Yano-Okubo [11] which state the following:
If the scalar curvature of (T M, G) is constant, then (M, g) is locally Euclidean. and
If the scalar curvature of (T M, G) vanishes, then (M, g) is locally Euclidean.
